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1. Introduction. Let S be a linear space of complex-valued functions de-

fined on Euclidean AT-space RN, N ££ 1. A subspace X ¿¿ 0 of S is called

translation invariant (or simply invariant) if f(xx, ■ ■ -,xN) G X implies

/»!,•• -.sN(Xu • • •, xN) = f (xx — $i, ■ ■ ■, xN — sN) G X

for all (sx, • • ■, sN) G RN- A linear functional F on X is called translation-

invariant (or simply invariant) on X if F(fSh...iSN) = F(f) for all /£X

and all (sx, ■■■,sN) <SRN- In the case where X is an invariant subspace of

CAR1) = continuous functions with compact support on R1, Jerison and

Rudin [2] have characterized all the invariant functionals on X which arise

from a measure on Rl. They have shown that the space of such functionals

on X is one-dimensional, and that if p is a measure on R1 which gives rise

to an invariant functional on X, then there exists an integer p ^ 0, de-

pending only on X, and a scalar X depending on p such that

(1) u(f) = xf_^  f(x)x"dx,       fEX.

We shall extend the above result in many ways. First, instead of measures,

we shall take Schwartz distributions T which have Fourier transforms [3].

Then we shall also extend the class X of functions from invariant subspaces

of CAR1) to invariant subspaces of L*(R}), i.e., the space of functions / on

R1 satisfying x"/(x) G Lx, n = 0,1, •••. We shall also investigate invariant

subspaces of L*(R2); i.e., the space of functions / on R2 satisfying x"ymf(x,y)

G Lx, re, m = 0,1,2, • • • . However, in this case, we must at the outset give

up any hope of obtaining a result stating that the invariant functionals

always form a one-dimensional space as the following example showsi Let

g and A be the functions defined by

g(x,y) = (x2 - l)siny, - 1 á * á 1,  - *- ̂  y ^ tt,

= 0, elsewhere,

A(x,y) = (y2- l)sinx, -láyáh - x g x á »",

= 0, elsewhere.
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Let X be the invariant subspace of L*{R2) satisfying /(0,0) = 0 for all /

in X, where / denotes the Fourier transform of /. Then g and A are in X.

Define functionals F10 and FQ¡1 on X by

Fo,i(/) = (- i) [df\x,y)/dy]x=0,y=0,      fE X,

Fx,o(f) = (-i) [df(x,y)/dx]x=0,y=0,       fEX.

Then it is easy to see that these functionals are invariant on X. Moreover,

Fx,0(g) = F0,x{h) = 0 and Fxfi(h) ^ 0, F0,x(g) ̂  0, so F0¡1 and Flj0 are linearly

independent on X. Therefore the space of invariant functionals on X is at

least two-dimensional.

What we shall show, however, is that if X is an invariant subspace of

L*(P2) and if (0,0) is an isolated point of

fl ¡(s,OGP2:/(s,i) = 0|,
fex

then any invariant functional F on X which comes from the class of

Schwartz distributions which have Fourier transforms satisfies the fol-

lowing: there exists a differential operator D such that

T(f) = (P/)(0,0),       fEX.

Moreover, the space of such invariant functionals will be shown to have

finite dimension and we shall obtain the best upper bound for the dimension.

It is assumed in this paper that the reader has a knowledge of the basic

properties of Fourier transforms as in [l] and of the theory of distribu-

tions as in [3]. In particular, we shall use the notations in [3] for the vari-

ous spaces of distributions.

2. Distributions applied to the study of invariant functionals. In this section

we shall give a proof of a theorem similar to Theorem 4 in [2]. The im-

portance of this result is that the method of proof generalizes to func-

tionals on invariant subspaces of functions defined on RN, N > 1.

Definition 2.1. L#(RN) is a class of functions defined on RN. A function

fEL#(RN) if for every ordered set of non-negative integers p = (px, • • -,Pn),

we have xf1« • -xNNf{xi, ■ ■ -,xN) = xpf(x) G LX(RN), where LX(RN) is the space

of Lebesgue integrable functions on RN.

When there is no chance of confusion we shall write L* = L#(RN). We

note that CCC¿*, where CC=CC(RN) denotes the space of continuous

functions with compact support on RN. Our invariant subspaces X will

always be subspaces of L#. The main property that we want to prove about

L* is that if f EL*, TE{Sf'')( = space of Schwartz distributions having

Fourier transforms), then the "exchange rule" holds, i.e.,

(f*T) =fT
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where "*" denotes the convolution product in the sense of distributions

and the product on the right is distribution multiplication.

Lemma 2.1. If f<EL*  and  T'E(SS'), then  (f * T) G (S") and  (f*T)'
= ft.

Proof. It is enough to show that / is rapidly decreasing, i.e., /£ (0'c)

[3, Tome II ]. Thus let A be a non-negative integer and putg(x) = (1 + x2)k,2f(x) ;

we are to show g ■ <bn —» 0 if <f>n is a sequence of functions converging to zero

in (2)Ll). But this is clear since <f>n converges to zero in C@l„) and gELx.

The next result connects the notions of invariance and convolution prod-

uct. We first define f~(x) = /(— x).

Theorem 2.2. Let TE(SS')and let X be an invariant subspace of L*.

Then for each f£;X there exists a constant c¡ such that T * f~ = c¡ if and only

if T can be extended to an invariant functional on X.

Proof. Suppose T can be extended to an invariant functional on X. Then

if tern,

(T*f-). * - T£ - jf-(n)<p(i + v)dv = Trff(~ u)*(f + l) ¿v

= Tr f f(¡¡ - v)<b-(- v)dv = (T*<b-) ■ f

-<*-*T)/-*-.[Tt./(« + *)]

= <b~ ■cf=cr<t>.

Therefore, T * f~ = cf.

Conversely, suppose T*f~ = c, for all / G X. We define T on X by T(f)

= Cf, /£X. (We note that this definition is consistant if /£ (-5-0 for if

fEiSS) and0G(^), then as above, cr <f> = (T*f~) ■ <b = (T*<b~) ■ f. Now

let <b—>8 in (Q¡') where 8 is the Dirac measure, and f <b = 1. Then since

<j>-^8 and T*8= T we get cf= (T *8) ■ f = T ■ f.) We shall now show

T(ft) = T(f) for all t and all /GX.We define ft~(y) = /(- t - y) for all y
and t. Then if <f>E(S¿¡),

eh • * - (T*fr) ■ 0 = Tx. ffr(y)4>(x + y) dy

= r,-J /(-t-y)*(* + y)dy

= Tx ■ jf(z)<t>t(x -z)dz=Tx- j /"(- 2)<MX - 2) d2

= (T*/") •(/>, = Cf ■ </>, = Cf ■ <j>.

Therefore c^ = c¡, i.e., T(/) = T(/,) so T is invariant on X.
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Therefore if TE iSf') is an invariant functional on an invariant sub-

space XEL* then the invariance condition can be expressed by f*T

= cf,fEX.

Theorem 2.3. Suppose X is an invariant subspace of L* and TE (¿^')

is an invariant functional on X. If ¿(0) 9e 0 for some g EX, then there is a

constant A such that

(2) T(f) = \Jf(x)dx,       fEX.

Proof. We have f~ *T = cf for all fEX. If we take the Fourier trans-

form of both sides and use the exchange rule, we get f~T=cf5. Multi-

plying both sides of this equation by ¿~ gives g~f~T = c¡g~b, and by sym-

metry, f~gf= cgf-5. Therefore c¡gb = cjb so that cfg~(0) = cgf'(0).

But then c,g(0) = cÄ/(0) and this implies (2) if g(0) ^ 0.

This theorem shows that there is no interest in studying invariant func-

tionals on invariant subspaces X of L* in which g(0) j£ 0 for some g EX.

Therefore we shall always assume that /(0) = 0 for all f EX.

Our next objective is to prove an analogue of Theorem 4 in [2] for invari-

ant functionals TE {$^ ') on invariant subspaces of L*(R1). For each fEX,

we define Z,= {tERl:f(t) =0}, and we put Z= r\iexZf.

Theorem 2.4. Let X be an invariant subspace of L*(R}) and let TE (^ ')

be invariant on X. If P'/(0) = 0 for all fEX and all i St 0, then T(f) = 0

for all fEX. If, on the other hand, there is a smallest integer p > 0 sucA that

Dpg(0) 5¿ 0 for some g EX, then there exists a constant X sucA that

(3) T(f)=\j jpf(x)dx,      fEX.

(We remark that if there is a g ^ 0 with gEX p\ Cc(Rl), then g is extendable

to an entire analytic function so for this g we cannot have D¿g(0) = 0 for all

i = 0 and therefore (3) holds. This is the same conclusion as Theorem 4 of [2].)

Proof. We have f~ *T= cf for each fEX. We take the Fourier trans-

form of both sides of this equation and apply the exchange rule to get

(4) f-f=cfb        (fEX),

where 5 is the Dirac measure. We divide the proof into two cases: 0 is a

limit point in Z or 0 is an isolated point in Z.

Suppose first that 0 is a limit point in Z. Then there exist ynEZ such

thaty„^0 and f~(yn) = 0, re = 1,2, •••, for each fEX. Therefore Dlf(Q)

= 0 and by the theorem of the mean, Dlf(0) = 0 for all í St 0. Thus we

shall show cy = 0.

Choose 4* EC", ^(0) = 1, support of *C [- 1,1]. Then ¡Ovil. ^ Ak,
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A = 0,1, • • •. Put <t>n(x) = ^(rex), re = 1,2, • • •. Then the support of <f>n is in

[-l/ra,l/ra],PA*>„(x) = nkDki(nx) so||D*0„|» £ nkAk, A = 0,1, • ••. Now from

(4) we have cf= C/^(0) = cf<t>n(0) = Tf~d>n, so in order to prove that 07= 0,

it suffices to show /"<*>„->0 in iß), i.e., ||D"(f-<f>n)| «,-»0 for p = 0,1, •••.

Write/ (x) = xp+1g(x) where^G C", and ||I>V|| ,|B„? = 0,1,2, •••. Then

if xG [— 1/n, 1/re] we can make an estimate of the form | D"(f~<pn) (x) |

^ c/ra, where c is independent of x;  thus || Dp(f~<t>n) || «, —»■ 0_

Now suppose that 0 is isolated in Z. We shall show that the support of

Tis contained in \\¡^XZ¡-. If x0G Zf, then there is a neighborhood V of

x0 disjoint from Zf. Let 4>E(&v)', we shall show T ■ d> = 0. We define

a(x) = <|>(x)[/-(x)]-1ifxG Vanda(x) - Oif x$V. Then aE (3>v), of' = <b
and since 0 (£ V, 0 = C/a(0) = f~fa = T • <f>. Hence x0 (£ support of t so we

have shown that the support of T is in Zs~, and consequently the support

of T is contained in — Z. Since 0 is isolated in Z, 0 is isolated in — Z so we

can find a neighborhood U of 0 such that the support of T meets U only

at 0. Hence in U we have [l, p. 100]

r

(5) T = Z an-D"5,       a„ constants.
n-0

Now   if   <bE(2>u),   then   since   DJf~(0) = (- 1)^/(0), (4) and (5) give

(6) c,«(0) = Z o„( - 1)"Z (") ( - 1) W/(0))(P"^(0)).
n=0 >=0  X.//

Now if D'f(0) = 0 for all fE X and all i St 0, then (6) yields c, = 0 for all
fEX so T(/) =0 for all fEX. If on the other hand there is a smallest

integer p St 0 such that Dpg(0) ¿¿ 0 for some g EX, then if r <p the theo-

rem holds with X = 0. If r > p, then if d> G (^u) with P^(0) = 0 if 0 ^ i
<r - p and Dr~p(p(0) ¿¿ 0, then for this 0 with / = g in (6) we get ar = 0.

Similarly ar_x = ... = ap+1 = 0, so that in (6) we may assume r = p, and

hence (6) becomes c^(0) = ap[Pp/(O)]0(O). If we put f = g in this equa-

tion, we get ap = c rZ)p¿(0)]_1 so that cf= cg[D"¿(0)]-lDpf(0) and this is (3).

In the case where XEL*(R2) our example in the introduction shows

that the situation is quite different. We do have, however, the following

theorem.

Theorem 2.5. Let X be an invariant subspace of L*(R2) such that (0,0)

is an isolated point of \\fexZf=\\iex\(s,t)ER2'.f(s,t)=0},andletT

G (¿^') be invariant on X. Then there is an integer t St 0 and constants a¿J

sucA that

(7) T(f) =£ aijD^f(0,0),       fEX.
i+iit

Proof. As in the proof of the last theorem, we have
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(8) f-t=Cf8 (fEX)

and this implies that in a neighborhood U of (0,0), we have

(9) T =  Z OyD*»l.
i+j Si

We choose 0 G (^u) such that 0(0,0) * 0 and Z)M0(O,O) =0 if 0 < ¿ +>

g*. Then if /£X,

(10) cf<b(0,0)=Cf8-<b = f-f.(b=T- f-<b.

Then from (9) we get

f.f-<b= Z a<,,o(,'W"0) = EM-i)^-^»]
¿+;'S( i+;S(

= Z M- Di+f ZZ (;) (!) (fl(M/-(o,o))(Z)('-6j-^(o,o))].
¡+>si Lo=oi)=o\a/ \0/ J

Now if 0 < (i - b) + (/' - a) ^ i, then D('-i,J-o)</,(0,0) = 0; hence

90(0,0)=  £ oij(-l)i+W<j)/-(0,0))*(0,0).
i+j SI

But D{lJ)f~ (0,0) = (- l)i+;DW)/(0,0) so

cf=  Z ait]D^f (0,0),
i+j s »

which gives the desired result.

Under the hypotheses of this theorem, we see that T(f) is given by a

finite linear combination of derivatives of Fourier transforms of / evalu-

ated at the origin. Our task in the remainder of this paper is to show that

these functional form a finite-dimensional space and to find the best upper

bound for the dimension of this space.

3. A class of invariant functionals. In this section we shall investigate

the class of invariant functionals on an invariant subspace X, generated

by functionals of the form

Fp,q(f) = (i) -(p+',[ôp+'/(x,y)/ôxpôy']I.o,>=o

f   xpff(x,y)dxdy,

where p and q are non-negative integers, fEX and / denotes the Fourier

transform of /. The main result of this section is to obtain a necessary and

sufficient condition for a finite linear combination of functionals of the type

(11) to be translation-invariant on X.

From now on X will denote a fixed invariant subspace of L*(R2); I, R

--
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and C will denote the non-negative integers, the reals and the complex

numbers, respectively. For every pair (p, q) E I2 we have the linear func-

tionals FM on X defined by (11). In view of Theorem 2.3 we see that there

is nothing of interest in studying those X for which F00 ^ 0 on X so we

shall assume that F0>0 = 0 on X. Furthermore, we may assume that FPi0 ̂  0

on X for some (p,q)El2- Then we have integers m, ra, A in / with the

properties that

m + re = A > 0, Fmn ̂  0 on X
(12)

Fu s 0 on X if (i,j) El2, i+j< A.

For (u, v) E R2, we define the translation operators T(u, v)  on the set

of functionals Fpq by

(13) [T(u,v)FpJ(f) = FM(fu,v),

where fEX and /u,„(x,y) = f(x — u,y — v). Expanding the right side of

(13) and using (11) gives

T(u,v)Fp,q(f) = j   j ^x"yj(x -u,y- v)dxdy

(14) = J   j Jx + u)p(y + vyf(x,y)dxdy

= ÍÍ(P) (l) Fa¡b(f)up-av"-b.
O=o 6=0 \a/ \b/

We then have the basic

Lemma 3.1. The functional Fp¡q is invariant on X if and only if Fa¿ = 0 ore

X for every (a, b) E I2 with a + b<p + q, a^p, b^q.

Proof. Fpq is invariant on X if and only if for all (u, v) E R2 and all fEX,

we have Fpq(f) = T(u,v)FM(f). But from (14), this means that

FP,(f) -Ít(P) ([) Fa,b(f)W-aV-b = 0
a=o 6=0\a/ \b/

for all fEX and all (u,v) ER2- Therefore FM is invariant on X if and

only if Fo,6(/) = 0 for all/G X and all (a,b) E I2, a + b <p + q, a ^ p,b ^ q.

Corollary 3.2. Let m and re be the integers defined in (12). TAere the func-

tional Fm¡n is invariant on X.

Let 3^= JF(X) denote the nonzero invariant functionals on X of the

type Fp,,. The next two lemmas will show that 3* has at most A + 1 elements.

Lemma 3.3. Let Fr s and FM be in 3?. Then p > r if and only if q < s.
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Proof. We may assume that p + q^r + s. Suppose p > r. If q ^ s then

p + <7 > r + s so by Lemma 3.1, Fr¡s = 0, a contradiction; hence ç < s. Con-

versely, if g < s, then s + p><7 + piïr + s so p > r.

It follows from this lemma that p < r if and only if q > s. It is this fact

which enables us to prove the next lemma on the cardinality of 3*. Recall

that k is defined in (12).

Lemma 3.4. There are at most k + 1 elements in 3?.

Proof. We know Fm,„ G & and if FM E &, then p + q^k = m + n. Thus

if (p,q) ¿¿ (m,n), then either p < m and q > re or p > rei and ç < re. Let

Ai = j FIS: F,s is invariant on X,s > re},       ¿ = 0,1, • • •, m — 1,

B¡ = {Ftj: Ftj is invariant on X, t > m},       j = 0,1, • • -, re — 1.

(By agreement, if m = 0 or re = 0, then the A¿'s or Bfs are empty, respec-

tively.) By Lemma 3.3, every element of 3^ distinct from Fm¡n (i.e., every

Fp.qE 3F with (p,q) ?¿ (m,n)) must be in an A; or in a B¡. From Lemma

3.1, for every fixed i and /', the sets 3*Ç\ A¡ and S^Ç\ B¡ can have at most

one element. Hence there are at most rei + re+l = /2+l elements in 3*.

These two lemmas enable us to easily construct sets 3?. For example,

we let

X = \fEL*(R2):F0fi(f) = F0,x(f) = FXi0(f) = F2fi(f) = 0}

and then k = 2, 3^= 3^(X) = {^0,2,-^1,1,-^3,0}- On the other hand, there is

no space X for which 3^(X) = j ^2,^1,1,^2,1), for by the previous lemmas

FXA and F2iX cannot both be nonzero and invariant. Finally, there are spaces

X for which 3^(X) has less than k + 1 elements. For example, let

X = j /G L*(R2):F0j(f) = 0 for all je I).

Then since the function g(x,y) defined by g(x,y) = sin x sin y if |x| ^ w,

\y\ 5¡ ir/2 and zero elsewhere is in X and Fxo(g) ¿¿ 0, we see that k = 1,

3*(X) = {Fi,0} and 3*(X) has less than k + 1 elements.

For later use we formally state the next obvious corollary. (Here the

brackets denote the linear hull of a set of vectors, i.e., the space of finite

linear combinations of elements of the set.)

Corollary 3.5. Let 5? = Jf(X) = {-F,,*_,G 3^\. Then dim[ Jfj g * + 1.

This completes our investigation of the set 3?. We now want to prove

some generalizations of Lemma 3.1. This is necessary because we shall

work with invariant functionals which are finite linear combinations of

the FM's. In what follows we assume that k is the unique integer defined

in (12).

Let t be a positive integer, t > k and let the functional F on X be de-

fined by



454 J. A. SMOLLER [February

(15) F-iêiFij-i,       8, EC.
1=0

F is invariant on X if and only if, for all (u, v) E R2, T(u,v)F = F on X.

Since T(u,v) is linear, we use (14) to conclude that if F is invariant on

X, then

(16) Z 9¡t S C) C T l) F^)u'-V-*-*- ¿MW/),
¿=o    o=o 6=0 \a/ \   o   / ¿=o

for all (u, i/) G P2 and all / G X. By definition of A, Fa,»(/) = 0 if a + A < A.
Therefore in (16) we may assume that only those terms with 0 < (i — a)

+ (t — i — b) ^ t — A appear. The coefficient of uV in (16) is

t- i¿«if.       )(, l  .) F, _„_,_,(/)
¡_x    \l — \/  \t— v — 1/

and since (16) holds for all (u, ¿>) G P2, we see that this coefficient must

vanish. Since this is true for all fEX, we conclude

(17) Z 0,( .  l_ J (' ~ ') F-M-.-i - 0 on X,

for every pair (X, v) E I2, 0 < X + c ^ í — A. Conversely, if (16) holds for

every (X, v) E I2, 0 < X + v ^ t — A, then it is easy to see that F is invariant

on X. Thus we have

Lemma 3.6. TAe functional F = Zí=o0iF¿,í-;> t>k, 8iEC is invariant on

X if and only if for every pair (X, v) E I2 with 0<\ + v¿¡t — k, (17) Ao/ds.

Since we shall later be interested in functionals which are linear combina-

tions of functionals of the form (15), we shall obtain a necessary and suffi-

cient condition for the invariance of functionals of this type. We make the

convention that F¡j = 0 if i < 0 or j < 0.

Let t = tx> t2> ■ ■ ■ > tp> k be positive integers and let

(is) Gj = Z $V*     «H e Q, i áj á p.Z
¿=0

We define the functional F on X by

(19) i,= ZGJ-

We define the coefficients of F on level s, 0 ^ s ^ i, to be those # with

i -\- j = s. We then have the following lemma.
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Lemma 3.7. The functional F defined by (18) and (19) is invariant on X

if and only if for every (X, v) G I2 with 0 <X + v <t — k we have

(20) 0 = Z Z#(. l   )(tt'~l  ) Pi-K.j—,    (on X).
j=x ,=x    \l - A/ \f, - v - 1/ '

The proof is straightforward and we omit the details.

Now we can write any functional of the form (19) as

(21) F-ZMVi + F,.,
¡=o

where Ft_x = ZP=2G';> e¡ = ei 0 ^ i g> t. We then make the following def-

inition.

Definition 3.8. Let F be a functional defined by (21). If F has a non-

zero coefficient on level t, we say that (16) is a representation of F of order

t, and we call F — Ft-X the principal part of this representation.

We then have the following corollary to Lemma 3.7.

Corollary 3.9. Let F be an invariant functional on X having a repre-

sentation of ordert > kgivenby(2l). Then the coefficient ofuV(0 < X + v ¿¡ t — k)

in the equation F(fuJ = F(f) is

(22) o={Í>,Q (Í~,)f,_m_,_, + FMm.,)_iJ+A

where F,_{x+r)^x is a functional with a representation of order at most t — (X + v)

- 1 and ¿G[Jf].

The proof of this corollary follows at once from (20). If we put X + v

= t — k in (22) we get

Corollary 3.10. Let F be an invariant functional on X having a repre-

sentation of order t> k given by (21). Then

for all X, 0 g X ̂  t - k.

Definition 3.11. 3^ is the space of all functionals on X of the form

Z <*ijFiJ K;É(J,
i+jät

which are also invariant on X.

Note that the functionals in Theorem 2.5 are contained in S~. As a first

application of Corollary 3.10 we shall prove the following theorem.
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Theorem 3.12. Let A = minj i + j: F¿J = 0 ore X} and let

3(f=\FiM_l^0onX\.

If 3if contains A + 1 linearly independent elements, then 3^= [3?].

Proof. We shall show that any invariant functional of the form (21) with

t > A, must be in [ 3? ]. To do this it suffices to show 0¡ = 0, 0 ¿ i ^ t. But

from (22) and the hypothesis, we have 0X = 8X+X = ■ ■ ■ = dx+k = 0, 0 i£ X S t

- k. Hence 80 = 8X = • • • = 8, = 0.

Thus in the case where 3? contains A + 1 linearly independent elements,

we see dim 3^ = k + 1. In the next section we shall show that it is always

true that dim 3 ¿ A + 1.

4. The finite-dimensionality of S~.

Theorem 4.1. Let X be an invariant subspace of L*(R2) and let 3^

= {F = Zi+jstOijFif.F is invariant on X[. TAera dim 33g k + 1, where

= minj i + jf: Fu ¿áOon X\.

Before giving the proof we shall give a few examples in order to show

some of the things that are possible.

A. Let Xx={fEL*(R2):F0i0(f) = 0\. Then we have seen in §1 that

F0,i and Flj0 are linearly independent on X; hence according to Theorem

3.12, 3~= [F0,i,Fi,o] and dim 3~ = 2 = A + 1.

B. Let X2 = {fE Xx: F0,x(f) = F1J0(f)). The functional G = F2,0 - 2FU

+ F0,2 is invariant on X. The functions g(x,y) = x sin x sin y + y sin y sin x,

l*|,|y| = *"> g(x,y) = 0 elsewhere, A(x,y) = sinxsiny, |x|, |y| ^ x, A(x,y)

= 0 elsewhere, are in X2 and show that Fij0 and G are linearly independent in

X2. It follows from the theorem that 3 = [F10, G] and dim 3r = 2 = A + 1.

C. Let a?i0 and let X3 = {fE X2: G(f) = aFxfi(f) \. Then the func-
tional H = F3>o — 3F2,! + 3Fi,2 — F0,3 + rF2fi + sFhX + iF0,2 is invariant on X

if r,s and t satisfy 2r + s = a, 2t + s = — a.

D. Let X = j/GP#(P2):Fo,,(/) - 0 for all q St 0¡. Here A = 1 and it is

easy to see using Corollary 3.10, that dim 3 = 1 < k + 1.

Proof of Theorem 4.1. The proof of the theorem is rather long and we have

to break it up into two cases: the case where 3t is an independent set and

the case where 3if is a dependent set.

Thus, let us first suppose that J^ is an independent set. Let

m = minj i: FitJk_¿ E3t\,        n = minj k - i: F,,A_, G 3?)

and let

—^ ( " mx,k—mx> " nui.k — nvp ' ' ", " ms,k — ms \

where m = mx < m2 < ■ ■ ■ < ms = A — re. Let <> A and let F be an invari-

ant functional on X having a representation of order t; i.e., F is given by
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(21) where not all 0¡ — 0, 0 g i á t. From Corollary 3.10, we see that (23)

holds, for all X, 0 ^ X ̂  t - k. Now if FM_; £ 3f, then FiM^ = 0. There-
fore, we get

? /X + m\ /t — x — m¡\
(2« 0-£,>+„(    x    )(,_„_;) f.,>-,    (ÜÍXS.-*).

and by the independence of 3(f, we have

(25) 6x+m¡ = 0,        1 ^ i ^ s, 0 ^ X í t - k.

We let J = [j E I- mj+x — 1 g m¡ + 2,1 g j é * — 1}, and we have the fol-
lowing lemma.

Lemma 1. We can write F as

m-l "H-l-1 t

(26) F=2>iV.+ Z    Z   MV.+    Z   ftF^ + JU
¿=0 ;'€J l=m/+2 i-f-n+1

Proof. We have

m-l s-1 "V+l-1 í

(27) F=Z<MV< + Z   Z  »íF^.-l-Z^F^ + F«-!.
1=0 j=\     i=m; i=fng

Since t — k ^ 1, we have 0my = ömy+i = 0 for lá;'|s-l; so for 1 áJ = *

my+i-l "V+l-1

Z #iFu-i-   Z MV,
i'=m; i=m/+2

and hence in (27) we may omit all / for which m¡ + 2 > rei;+1 — 1 so that

s-l "V+l-1 my'+l-1

(28) Z    Z   «ffu-i-E    Z   MVi-
7 = 1     i=m; ■/£*/ i'=m/+2

Also if we let ¿ = s in (25) and note that ms — k = — re, we get

í i

Z hFij-i =    Z    0¡Fi.t-i-
i=ntg i=t—n+1

This equation along with (27) and (28) yield (26).

It follows that the number of nonzero 0,'s appearing in (26) is bounded

above independently of t. We state this more precisely as

Lemma 2. // F is an invariant functional having a representation of order

t > k, then the number of nonzero coefficients in the principal part of F is at

most k + 1 — s where s = dim J^.

The next step in the proof is to show that if we have an invariant func-
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tional F having a representation of order t> k and r is any integer such that

t> r> k, then we can find an invariant functional having a representation

of order r whose principal part is closely related to the principal part of F.

Lemma 3. Let F be an invariant functional having a representation of order

t > A (which we may assume, by Lemma 1, is of the form (26)). Let r be any

integer with t > r > A.

(A) If 8^9^ 0 for some i0, 0 ^ ¿0 á t — n, then there is a functional * G [3? ]

of the form

"^}/t-i\ ^m'+\-1/t-i

(29)

"13 It - i\ ^   JZL    It — i\
*=Z(     .W,>-. + E  Z (     W,,r-.

>=o \r — 1/ >6j i=mj+2 \r — i/

+      Z        ( !) »¿*Vr-i + *r-l.
i-r-n+1 \r - 1/

(B) 7/0, = 0 for all i with 0 ^ i ^ í — ra, ¿Aera there is a functional * G [_5^]

o/ iAe form

(30) ♦-   ¿   fH      n)ei+1_rFi,r_1+*r_
¡=r-n+l  \     Í — r     /

Proof. We shall first prove (A). In the invariance equation for F we look

at the coefficient of vl~r. By Corollary 3.9, it is

0 =  | Z (     _ l)   »¡F,r-i + *r-l)   + ko,

where A0 G [3(f\. We put * = { j ; then * G [3f] and * has a representa-

tion of order r. Applying Lemma 1 gives us the desired form for *. The

proof of (B) is similar; we use Corollary 3.9 to find the coefficient of u'~r in

the invariance equation for F.

Let t and r be integers, t St r > A and suppose that F and G are invariant

functionals having representations of orders t and r, respectively. Then we

have

m-l "y'+l-1 t

(31) F=Z<MV¿+Z    £   0¡F¡,t-i+    Z   MVi + F»-i,
1=0 y'eJ i=my+2 i=i-n+l

(32) G=Z^i,r_,+ Z    Z   <Mr,r_,+    Z   <PiFi,r-i+Gr-X,
i=0 jEJ i=mj+2 ¿=r-n+l

and we see that there is a one-one correspondence between the indices

appearing in the principal parts of F and G given by
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i <-> i       if 0 ^ i ^ m — 1    or   m¡ + 2 S» í g mJ+i — 1,       j G ^,

£ —re + x<->r —re + x       ifl^x^re.

Then using Lemma 3, we see that if F is an invariant functional having a

representation of order t > k of the form (26) where 0,o ¿¿ 0, and if t > r > k

then there is an invariant functional G = Z^oöiFi.r-i + G>_i having a repre-

sentation of order r where <hi(j = 0. We use this fact to prove

Lemma 4. Let t and r be integers with t^r>k and let F and G be invari-

ant functionals having representations of orders t and r given by (31) and (32),

respectively. If i0 is chosen so that O^^O, 0¿ = 0 if i < i0 then there exists an

invariant functional G of the form

_        m-l mj+l'1 r

(33)        G=Z*iFi.n-i+Z    Z   *iFi,r-i+    Z   WW(+GU
i-O j\SJ   i-mj+2 i=r-n+l

where 0, = <bt if i < i0, ̂  = 0 and [3f?,G, F] = [3?, G, F}.

Proof. If t = r we put G= G- ((b^/O^F. If t> r we have two cases to

consider, namely, 0 ^ i0 ^ t — re and t — re < i0 ̂  i. If 0 ^ t0 ̂  t — re, we ap-

ply Lemma 3A to obtain

*G[^]with[0lo(;:;^]%o.

Then we put

5-°-*l>C-t)F*
and G has the required properties. If t — n < i0 ̂  t, we use Lemma 3B

and a similar argument gives us the desired result.

We shall now select a set of invariant functionals which we shall show

forms a basis for 3^ having at most k + 1 elements.

Let 2 be the maximal number of nonzero coefficients appearing in the

principal part of any invariant functional having a representation of order

t > k. From Lemma 2, 2^A + 1 — s where s = dim 3t'. Let

h= \ n E I- 3 invariant F with a representation of order re and F G [3(f] ].

If 70 is void then 3rQ [3i?\ and we are done. If /0 is nonvoid, we let p0

= min I0 and let H0 be invariant on X, H0 having a representation of

order p0 and H0(£ [3t\. Inductively, choose HaE 3" so that

and so that Ha has a representation of minimum order, this order being pa.
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If dim S7'< A + 1, we are done; otherwise Ha and pa are defined for 0 ^ a

^ z — 1. From Lemma 1, for 0 ^ a ^ z — 1, we have

m-l mj+l~1 Pa

(34)    «.= 1^+1    Z   a^,P„-.+     Z    afF^.i + Hp,-!
i=0 /€•/ i=m;+2 i=pa-n+l

Note that A < p0 ^ Pi ^ • • • ^ p2-i. Now suppose #2 is invariant on X and

Hz has a representation of order pz. We shall show that the assumption

#2G [Jf.tfo, •••,#*-!] leads to a contradiction. If #,(£ [jf.Ho, ■ ■ -,Hz_x],

then p2 St p2_t.

Let |i£/:m+2ái| mj+x - 1JEJ\ = \ix<i2< ■■■ <iP], and con-

sider the array of z columns and 2+1 rows:

- aM - - - oS._, « . • • al <-„+<_n+2 - • • < -

OoOl • • • "m-l   aixai2 - - • °ip   Opj-n+iapj-n+2 • • • Opj

L ala\... azm_x a\xa]2 ■ ■ ■ a\p aPz_n+xaP^n+2 ...aPz J

made up of the coefficients of the principal parts of the functionals Ha,

0 ^ a ^ 2. By changing the notation, we give the array the simpler form

r h°h° h° h° h°      ~1

.   . 0001 • • • Am+p-1   bm+p • ■ • 0z_j
(*)

_ AoAi • • ■ bm+p_x bzm+p ■ • • oz_! _

We shall refer to this array as a representation of the functionals Ha,

0 S a ¿, Z.

Lemma 5. There exist invariant functionals A0,AX, ...,A2 having a repre-

sentation [c¡], i = 0,1, • • -,2 — 1; j = 0,1, • • -,z, and which satisfy

(i) c?»0,...,0átá2-l,

(ii) [3t,A0,Ax,...,Aß]=[3f,H0,Hu...,Hß], O^ßSz.

Proof. By induction. Since Hz has a representation of order p2, not all

o¿ = 0, 0 ¿ i ^ z - 1 in (*). We define the integer f0 by Af0 ̂ 0, Af = 0 if

e < e0 and we put B° = Hz, c] = b\, 0 á i Ú z - 1. If A^ ̂  0 for some r, 0 ^_r

< z, then we apply Lemma 4_ to the functionals P°_and Hr to obtain Hr

having coefficients K, Au_---,A2_i on level pr with brtQ = 0 and [3?,Hr,B°z]

= [Jf,Hr,B°z]. Now if b¡ = 0 for all 0 ^ i < z - 1 and r = 0, then we are

done (put A, = H¡, 0 á » è « - 1 and A2 = P°); if r > 0, then from the

construction in Lemma 4 we obtain a contradiction. Therefore we may
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assume that not all 6¿ = 0, 0 á i g z — 1, and we put B? = /Yr. Hence by

this method we may assume that we have functionals B?, 0 :£ i ^ z, where

S? has a representation of order p¿ and where the principal part of Bl, 0 ^ i

^2— 1, with respect to this representation has coefficients b'0,b[, • ■ -,¿>t_i

and which satisfy

(i)0 c^O, cf=0 if e<e0,

(ii)o 6; = 0 if 0 ^ r S z - 1,

(iii)o   [3?,Bl,B\,...,Bl]=[3?,H0,Hx,.--,Hß], O^ß^z.
Now suppose that we have invariant functionals Bl, B\, ••-,Bqz (q ^ z — 2),

having representations of orders p0,px, ■ • -,p2, respectively, with the co-

efficients of the principal part of B] with respect to this representation being

bo,b[, ■■■M-u        0^i<z-q,

c0, ci, • ..,c¿_lf        z-q^i^z,

and suppose we have integers «o»«i, •••»«« sucn that the following condi-

tions hold:

(i), c£° ^ O.cf" = 0 if e < (a (0 Ú a S q),

(ii),   c[a = 0       if z - q ^ r < z - a,

(hi),   b[a = 0        if 0^r<z-q,

[3if,B%,B\,...,Bß\=[3t,H„Hx,...,Hß\,       O^ß^z.

We shall show how to obtain functionals Bq0+1,B\+1, • • -,Bq+1, and e,+1 satis-

fying (i)i+1, (ii),+i and (iii),+1.

Since ß'_9-i has a representation of order pz_,_i, not all i>¿~,_1 = 0, 0 ^ i

^ z - 1. Let f,+i be defined by 6^'f1 ^ 0, b*-"'1 = 0 if t < tq+x, and put B«+1

= El, z - 9 - 1 á * á 2, ci-«"1 = 6f-«-1, 0 á * á* - 1. Then (i),+1 and

(iii),+i are satisfied. We shall show how to satisfy (ii),+1. If b[q+x ̂  0

for some 0 ^ I <z — q — 1, then we_ apply Lemma 4 to _the_ functionals

B], B\1l\-i to_obtain a functional Bl having coefficients bl0,b[, ■ ■ ■,blz_x on

level p, with tfç+1 = 0, and [3ï ,Bq,Bq¿\_x\ = [JT.fl? Bíí¿_J. Moreover, as

before we may assume that not all b\ = 0, 0 ^ iig 2 — 1. Now if 6f¿ 5¿ 0

with ¿o < 9 + 1 (i.e., if by our application of Lemma 4 we have messed up

a place that was fixed up previously), then it must be that t,-0 > «,+1. We

apply Lemma 4 again to the functionals Bq and B?î/0 to obtain a_functional

B[q having coefficients bit 0 £ i £ z — 1 on level p¡ where b[ = b'u =0 and

[3i/iBi",Bqt}0]= [3i",B1l,Btti0\. Moreover, we may again assume_ that not

all b¡1 = 0, 0 ¡*i £z — 1. Here again we can only mess up a 6'/ with t¿

> t¡ so that by repeated application of this method we finally satisfy

(ii)î+1 and since our applications of Lemma 4 do not effect (i),+1 or (iii),+l,

we see that by induction (i)2_x, (ii)2 i and (iii)2_i hold. We put c?=6?,
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0 á » á Z — 1, and A, = Pf"1, 0 ^ i ^ z and we see that the proof of the

lemma is complete.

We are now ready to obtain the desired contradiction. From (i) in Lemma

5, A0 has a representation of order less than p0 so by definition of p0, A0

G [3t]. From (iii) of Lemma 5, with ß = 0, we have [3t,H0] = [3f?,A0]

= [3t] so that H0E[3t], a contradiction. Thus the theorem is proved

in the case where 3? is an independent set.

We shall now consider the case where 3? is a dependent set. The main

idea is to obtain for any F E -^ of order í > A, a representation analogous

to (24). Once this has been done, the proof follows just as in the previous case.

Thus, let 3f be a dependent set and let m and re be defined as before.

We choose a maximal independent subset

3t i = \ Fmvk_mi,Fmj,/,-^, • • -, F^,*-*,,¡   (m ^ mx < m2 < ■ ■ ■ < ms = A — re)

of 3? having largest possible second indices. We shall suppose that m < mx;

the case where m = mx is treated similarly. Then we can write 3? as

3t = {F i      i,F !      x, ■ ■ •, b x       x ,rmk-m., ■ ■ -,
mx,k—mx       mf¿,k — nv¿ tnr,,K — mr.

F F ... F Pt!
mx,k — mx       m2,k — nv¿ n^ ,ä—mr °

where m = m\<m\< ■■■ < mln < mx < ■■■ <m\< m2< ■■■ <msTs<ma= k

— n. We have chosen 3tfi so that the following relations hold for some

a<M G C:

(35) Fh     , = Z«íM*V-<",       (láy'jgrfeláAé*).
mi*~mi        ¿ = 6

Now suppose t > k and

>=o

is an invariant functional on X of order t > A. Our aim is to prove a result

like Lemma 1. The first step in this direction is the following lemma.

Lemma 6. Let i be an integer such that 1 g i á «■ Then for 0 ^ X ̂  t — A,

we Aaye

"*i"1 /     t - ;'

(36)

where c)k,,> is independent of t.

Proof. From Corollary 3.10,

«.+„,,= z,L ; ;HM°*
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(37) 0 = Z ö;+x (X * ;) (' ~kX_~ J) Fj.k-,,       OèXèt-k,

where, as before the sum is taken over those / for which Fjik_j E 3f- If we

use (35) in (37) and use the independence of Jti, we have, for 1 g ¿ á «,

"ÍZ1 /X + A\  /t-X-h\    . /X + mx   /í-X-m¿\
m 0=.r.H * )(*-» )Ä+a"-'( x )( *-»D

for 0 ^ X ̂  í — fe, where we define

Ä = «í**,       if h = m?, 1 ^ ? ^ rp, 1 ^ p ^ i,

= 0, otherwise.

We shall show that (38) implies (36). We define

/t-X-h\  /X + A\   /k-h\~1   (mdlXl
(39) 2Ü=-( ) ( ) ( J     A,      ,,;

\  m¡,-A /  \    X   /  \mj-h/     (X + m¡)!

then we can write (38) as

m¿ —1

(40) aA+m¡ = ¿ ai+»4Ä,      0 á X á « - *,1 á * á a.

We perform an induction on X. For X = 0,

am¡ = ZaM - £* ( ' " *. ) f - ( * " * )" f¿],

and if we put

A-An"1

\m¡ - A/

we see that (36) holds for X = 0. Now suppose (36) holds for all integers

X, X ̂  v — 1 < t — k; we shall show (36) holds for X = v. From (40) we have

(41) a„+m¡= Z a»+*z»Ä-
A=mj

Also, by our induction hypothesis,

(42) ah = Z ([ ~ J) cf-^aj,       m, á A é m, + , - 1.

We consider the case where m¡ £ m\ + k and leave for the reader the case
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where m,■ - 1 St m\ + v. In the former case, (42) holds for all A with m\ + v

^ A â m, + v — 1 so

m¿+»-l

O.+in; =      ,Z     ahZh-,ßh-,

(43)

Now

i

m;-l       m,+»-l        £ _  j

=  I>,    Z     (.        .) «-^-"'"'Va-

(l    J)*->=( J    )d(">h,j),
\h-jl \v-\-mi-]/

where d(v,h,j) is independent of t. Then putting this back into (43) gives

(36) for X = v if we let

Bj+r-1

<t'>=   Z   d(v,h,j)ctm"'%-j.
1

A = ii + mj

Therefore the proof of the lemma is complete by induction.

Now we still must refine (36) further. To this end, let

H={jEl:mj-lZmj-1+l, lg/'ás}.

Note that if ; G H and 1 ^ j' g s, then m;_j + 1 = m;. We define m0 + 1

= m} ( = m) and then 1£H.

Lemma 7. Let ¿ Ae are integer such that 1 g i «g s. Then

(44)       ax+m[=      Z Z      l~J    .W-Vl     (OáX = t-*),
AeH;¿íAsi L j=n>A-i+i \X + m; — y/ J

lüAere djM) is independent of t.

Proof. By induction on i. The case i = 1 follows at once from (36). Now

suppose that (44) holds for all integers i with i ^ p — 1 < s; we shall show

that (26) holds for i = p. From (36), we can write

<»a-i     .     t_j

*->-   z      z  ( ,  ; .)«K]
Aetf;pÈAal L ;-mA-l + !   \X +/rap — y/ J

+ Z(     '-'"'-,    )c«„     .
£a \X + mp - mi_J   m'~l *-»

(45)
/     í — m¿_!

Now for any i with 2 ^ i ^ p, we use our induction hypothesis with X = 0

in (45)  to obtain
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X+m,a^mp —
he

z r z (x;-; .)*+]
H-.pskëi L /-™»_i+i \X + reip — y / J

" r mA-1     /     t — i     \ -i

+ Z\        Z Z      (    L     J    )fWJa~],        OïXït-k,

where

/X + mp - ;>

V rni_x-j j

is independent of i. Now if p = 2, then (46) yields (44). Suppose p > 2.

Then we let

B.-1-       Z Z        (ia_    '    .)/£&«/!,       2ái*p,
A£i/;i-lï/i2 1 L ;'-iiift_i+l       \* ~T mp — J/ J

(47)

and we can show that

flr-i + fl,-      Z Z      i   , .)/r«;l,
/i6H;ia/isi Ly-m/i-i+i \X-\- mp— j/ J

where//jp) is independent of i. It follows that we can write (46) as

(48)

Ox+m. —
he H

z r z / ;-; .w^i

+     Z Z    i.    J   )¿rp)*¡\,     oíxit-k,
heH;p-12h¿l\_j=mk_x + l   \X~\~ mp— J/ J

where gf,p) is independent of i, and this implies (44) for i = p. Therefore

the proof of the lemma is complete by induction.

Now we may write (48), for 1 ^ i ^ s, as

"■a-1      /      t _ j     v

(49)        ak+mi=Z      Z      L J<'%       O^X^i-fe
AGtf j = mA_i + l   \X + m i —  1/

where if i < A ̂  s, h EH, then djM = 0. We shall use  (49)  in  our  ex-

pression for F. We let

m-l 1

M=Z«Ä_;,   N=    Z   ajFj*-j.
j=0 j = t-n+l

(50)

P - Z «Ah.    Q=F-(M + N+P + F(_i),
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and first consider Q. If 2 ¿ A g? s, and h(£H, then mh^x + 1 = mh so we can

write Q as

"■A-l s

Q=Z    Z   »A-j + Es.,^-^-»!-,'
A£W j=mA_1 + l i = 2

If we use (49) with X = 0 in the second sum we get

(51) Q=Z    Z   «Ah+S(      ; .) e-^-^-x-
Ae/i;=mft_! + l i=2   Wi-l — .//

We next consider P. We make the change of variable X + A — re = y and

use (49) with i = s to get

Í-A

P =  ¿^ a\+msI<\+ms,t-\-ms
A-0

(52)

= Z|Z      Z      L   , •) df'aj] Fx+ms,t^n¡.
\=o\_ keH j=mk_i+i \x + reis — ]/ j

We then get the following expression for F:

m-l ""A-l r »     /     t — î     \

F = Z <MV; + Z      Z    a J F,>, + Z ( m .) df '""^W^,
;=o kGH i=»*-i+i     L '=2 \m¡^x — j/

+ Z   ( .     . t )   df S)^X+ms>i-X-ms
/^3) x=o \X + m, — 1/ J

+    Z    a^^ + F-,.
;'=i-A+l

Thus we have shown that any invariant functional F having a representa-

tion of order t > k can be put in the form (53). This is the analogue of (26)

in the case where 3? is a dependent set. We see from (53), that the number

of nonzero coefficients appearing in the principal part of F is again at most

A + 1 — s where s is the dimension of 3f ■ The rest of the proof of the the-

orem proceeds exactly as in the case where 3tf is an independent set.

Conjecture. If X is an invariant subspace of L*(RN) where N St 1 and if

= JF=      Z      a¿1...¿nF¿1...,1n:F is invariant on XJ,
V ii + ---+i)v = I "

then

'A + 2V-1>_      /A + iV-l\
dim^(   N-l   )
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(Here F¡. ...¿N is defined in a manner analogous to (11), and k is defined

in a manner analogous to (12).)
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