TRANSLATION-INVARIANT FUNCTIONALS ON
FUNCTIONS DEFINED IN EUCLIDEAN SPACES(Y)

BY
JOEL ALAN SMOLLER

1. Introduction. Let S be a linear space of complex-valued functions de-
fined on Euclidean N-space RY, N = 1. A subspace X =0 of S is called
translation invariant (or simply invariant) if f(x,, ---, xy) € X implies

fsl,-H.sN(xl’ b "xN) = f(xl — 81y XN — sN) EX

for all (s, ---,s5) € RN. A linear functional F on X is called translation-
invariant (or simply invariant) on X if F(f,...) = F(f) for all fE X
and all (s,, ---,sy) € R". In the case where X is an invariant subspace of

C.(R") = continuous functions with compact support on R', Jerison and
Rudin [2] have characterized all the invariant functionals on X which arise
from a measure on R'. They have shown that the space of such functionals
on X is one-dimensional, and that if x is a measure on R' which gives rise
to an invariant functional on X, then there exists an integer p =0, de-
pending only on X, and a scalar A depending on g such that

M wh = [ F@wd  feX.

We shall extend the above result in many ways. First, instead of measures,
we shall take Schwartz distributions T' which have Fourier transforms [3].
Then we shall also extend the class X of functions from invariant subspaces
of C.(R") to invariant subspaces of L*(R"), i.e., the space of functions f on
R! satisfying x"f(x) €L, n =0,1,-... We shall also investigate invariant
subspaces of L* (R?; i.e., the space of functions f on R? satisfying x"y"f (x, y)
€L,nm=0,1,2,.... However, in this case, we must at the outset give
up any hope of obtaining a result stating that the invariant functionals
always form a one-dimensional space as the following example showsi Let
g and h be the functions defined by

gx,y) = (x* — lsiny, —1=sxs1l, —7sy=m,
=0, elsewhere,

h(x,y) = (y* — 1)sinzx, —1<y=<1l, —x<x=<m,
=0, elsewhere.
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Let X be theA invariant subspace of L*(R? satisfying f (0,0) =0 for all f
in X, where f denotes the Fourier transform of f. Then g and & are in X.
Define functionals F;, and F,; on X by

Foi(f) = (= i) [0f (,5) /8 )emoy=0r  [E X,
Fio(f) = (= i) [0f (£,5) /8% )s0y-0r  fEX.

Then it is easy to see that these functionals are invariant on X. Moreover,
Fi4(g) = Fy1(h) = 0 and Fyo(h) =0, Fy,(8) #0, so Fy; and F,, are linearly
independent on X. Therefore the space of invariant functionals on X is at
least two-dimensional.

What we shall show, however, is that if X is an invariant subspace of
L*(R? and if (0,0) is an isolated point of

N {(s,5) € R%f(s,t) = 0},

fex
then any invariant functional F on X which comes from the class of
Schwartz distributions which have Fourier transforms satisfies the fol-
lowing: there exists a differential operator D such that

T(f) = (Df)(0,0), fEX.

Moreover, the space of such invariant functionals will be shown to have
finite dimension and we shall obtain the best upper bound for the dimension.

It is assumed in this paper that the reader has a knowledge of the basic
properties of Fourier transforms as in [1] and of the theory of distribu-
tions as in [3]. In particular, we shall use the notations in [3] for the vari-
ous spaces of distributions.

2. Distributions applied to the study of invariant functionals. In this section
we shall give a proof of a theorem similar to Theorem 4 in [2]. The im-
portance of this result is that the method of proof generalizes to func-
tionals on invariant subspaces of functions defined on R¥, N > 1.

DEFINITION 2.1. L*(RY) is a class of functions defined on RY. A function
f& L*(R") if for every ordered set of non-negative integers p = (py, - -, Pn),
we have x{'--: x3\f(xy, - - -, xn) = *°f(x) € L,(R"), where L,(R") is the space
of Lebesgue integrable functions on R".

When there is no chance of confusion we shall write L* = L*(R"). We
note that C,C L*, where C,= C.(R") denotes the space of continuous
functions with compact support on RY. Our invariant subspaces X will
always be subspaces of L*. The main property that we want to prove about
L? is that if fE L*, TE (& ’)(= space of Schwartz distributions having
Fourier transforms), then the ‘“exchange rule’” holds, i.e.,

(f+T) "= fT
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where “*” denotes the convolution product in the sense of distributions
and the product on the right is distribution multiplication.

LemMa 2.1. If fEL* and TE (), then (f+T) E () and (f+T)"
= fT.

Proof. It is enough to show that f is rapidly decreasing, i.e., fE€ (é’é)
[3, TomeII]. Thuslet k beanon-negativeinteger and put g(x) = (1 + x%)**f(x);
we are to show g - ¢,— 0 if ¢, is a sequence of functions converging to zero
in (Z.,). But this is clear since ¢, converges to zero in (Z._) and g€ L,.

The next result connects the notions of invariance and convolution prod-
uct. We first define f~(x) = f(— x).

THEOREM 2.2. Let TE (%) and let X be an invariant subspace of L*.
Then for each f € X there exists a constant ¢; such that T *f~ = ¢; if and only
if T can be extended to an invariant functional on X.

Proof. Suppose T can be extended to an invariant functional on X. Then

if ¢ €(9),
(T*f7)-¢= Te‘ff—(ﬂ)¢(f+77)dﬁ= Te'ff(—n)fﬁ(é-f-n)dn

= Te'ff(i —n¢ (—ndyp=(T*¢7)-f

= *Tf=9¢, - [Te-fE+ )]
= 4,_ .c/= c,.¢.
Therefore, T *f~ = c;.

Conversely, suppose T *f~ = ¢ for all f& X. We define T on X by T(f)
=c¢, fEX. (We note that this definition is consistant if f€ (%) for if
fE () and ¢ € (D), then as above, ¢;-¢ = (T*f7) -¢ = (T*¢") - f. Now
let ¢ — & in (2’) where 6 is the Dirac measure, and S ¢ = 1. Then since
¢ —déand T+6=T we get ¢,;=(T*5)-f=T-.f) We shall now show
T(f) = T(f) for all t and all f& X. We define f, (y) =f(—t—y) forally
and ¢. Then if ¢ € (9),

c-o=(T*f) 6= T,-fff(y)¢(x+y)dy
T [ f—t= ot + vy

= Tx~ff(2)¢z(x —2)dz = T,-ff“(— 2)d(x — 2)dz

=(T*f7) - be=c¢r-d=1¢-¢.
Therefore ¢;, = ¢y, i.e., T(f) = T(f) so T is invariant on X.
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Therefore if T& (5 ’) is an invariant functional on an invariant sub-
space X C L* then the invariance condition can be expressed by f~ *T
= ¢y f € X.

THEOREM 2.3. Suppose X is an invariant subspace of L* and TE (")
is an invariant functional on X. If 8(0) = 0 for some g € X, then there is a
constant \ such that

() T() = Aff(x)dx, fex.

Proof. We have f~ *T = ¢, for all f€ X. If we take the Fourier trans-
form of both sides and use the exchange rule, we get f T = ¢;6. Multi-
plying both sides of this equation by 2~ gives g fFT= ¢;876, and by sym-
metry, f”‘g—T = cgf”q. Therefore c¢;876 = c,,f‘& so that ¢,27(0) = cgf‘(O).
But then ¢;2(0) = c,f(0) and this implies (2) if £(0) = 0.

This theorem shows that there is no interest in studying invariant func-
tionals on invariant subspaces X of L* in which 2(0) # 0 for some g € X.
Therefore we shall always assume that f 0) =0 for all fE X.

Our next objective is to prove an analogue of Theorem 4 in [2] for invari-
ant functionals T'E (& ’) on invariant subspaces of L*(R"). For each f € X,
we define Z;= {t€ R":f(t) =0}, and we put Z = NyexZz;.

THEOREM 2.4. Let X be an invariant subspace of L*(R") and let TE (&)
be invariant on X. If D'f(0) =0 for all fE X and all i 20, then T(f) =0
for all f& X. If, on the other hand, there is a smallest integer p > 0 such that
D?Pg(0) = 0 for some g € X, then there exists a constant \ such that

@ ) =» [ #i@dn  fEX.

(We remark that if there is a g # 0 with g€ X N C.(R"), then g is extendable
to an entire analytic function so for this g we cannot have D'g(0) = 0O for all
i = 0 and therefore (3) holds. This is the same conclusion as Theorem 4 of [2].)

Proof. We have f~ *T = ¢; for each f & X. We take the Fourier trans-
form of both sides of this equation and apply the exchange rule to get

4) fT=c¢s (fEX),

where 6 is the Dirac measure. We divide the proof into two cases: 0 is a
limit point in Z or 0 is an isolated point in Z.

Suppose first that 0 is a limit point in Z. Then there exist y, € Z such
that y,—0 and f~(y,) =0, n=1,2,.--, for each fE X. Therefore D'f(0)
=0 and by the theorem of the mean, D'f(0) = 0 for all i = 0. Thus we
shall show ¢,=0.

Choose y € C=, ¢(0) =1, support of y C[— 1,1]. Then |D%|. < Ay
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k=0,1,.... Put ¢,(x) =¢(nx), n=1,2,.... Then the support of ¢, is in
[—1/n,1/n], D*¢,(x) = n*D*y(nx) so | D*¢,| . < n*A4, k=0,1, --.. Now from
(4) we have ¢;= c;¢(0) = ¢;¢4(0) = T~ ¢, so in order to prove thatc;= 0,
it suffices to show f~¢,—0 in (2), ie., ||D”(f )| «—0 forp=0,1,---.
Write f~(x) = xP*'g(x) whereg € C*, and | D%g|| . < B,, ¢=0,1,2, ---. Then
if x€[—1/n,1/n] we can make an estimate of the form ID"(f ¢,,)(x)|
< c¢/n, where c is independent of x; thus | DP(f~¢,) |.—0.

Now suppose that 0 is isolated in Z. We shall show that the support of
T is contained in n/(:xZ, If x, € Z;~, then there is a neighborhood V of
xo disjoint from Z;~. Let ¢ € (Z,); we shall show T-¢ =0. We define
a(x) = ¢(@)[f (x)] 'ifxE Vand a(x) =0if x¢ V. Then a € (D), af =¢
and since 0 V, 0 = ¢;a(0) = f~Ta = T - ¢. Hence x, ¢ support of T' so we
have shown that the support of T is in Z;~, and consequently the support
of T is contained in — Z. Since 0 is isolated in Z, 0 is isolated in — Z so we
can find a neighborhood U of 0 such that the support of T meets U only
at 0. Hence in U we have [1, p. 100]

(5) T= ) a,D%,  a,constants.
n=0
Now if ¢E (2, then since Djf'(O) = (- l)ijf(O), (4) and (5) give

(®) ¢/0(0) = zoan(— D Zo( )(— DIDF(0) (D" 7(0)).
n= Jj=
Now if D'f(0) =0 for all f€ X and all i = 0, then (6) yields ¢;= 0 for all
fE X so T(f) =0 for all f& X. If on the other hand there is a smallest
integer p = 0 such that D?2(0) = 0 for some g € X, then if r < p the theo-
rem holds with A = 0. If r > p, then if ¢ E(Z ) with D'¢(0) =0 if 0 < i
<r—p and D"P$(0) =0, then for this ¢ with f =g in (6) we get a,= 0.
Similarly @, ;= --- = @,,; =0, so that in (6) we may assume r = p, and
hence (6) becomes ¢;6(0) = a,[D?f(0)]$(0). If we put f=g in this equa-
tion, we get a, = ¢,[D?2(0) |~* so that ¢; = ¢,[D?8(0) ]~ 1D?f(0) and this is (3).
In the case where X C L*(R? our example in the introduction shows
that the situation is quite different. We do have, however, the following
theorem.

THEOREM 2.5. Let X be an invariant subspace of L*(R?) such that (0,0)
is an isolated point of NyexZ;=Njex{(s,t) E R*f(s,t) =0}, and let T
€ (&) be invariant on X. Then there is an integer t 2 0 and constants a;;
such that
) T() = Y a,;D*’f(0,0), fEX.

i+jst

Proof. As in the proof of the last theorem, we have
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®) fT=¢s  (fEX
and this implies that in a neighborhood U of (0,0), we have
9) T= Y a;;D%%s.

i+jst

We choose ¢ € (2 ) such that ¢(0,0) =0 and D“¢(0,0) =0 if 0 <i+j
<t Then if fE X,

(10) c¢(0,0) =ci6-9=fT-0=T-f¢.
Then from (9) we get
T-f¢= > a;;DY%(f¢) = 3 a;;(—1)"s. [D(iJ)(i_¢)]
itjst i+jst

e 1)‘*"[ )293 () (') (D%~(0, 0))<D"'-"J-°>¢(o,o»].

itjst a—0b—0 \a/ \b
Now if 0 < (i — b) 4+ (j — a@) < t, then D“"%-94(0,0) = 0; hence
(0,00 = ¥ a;;(— 1)™(Df(0,0))¢(0,0).

i+jst
But D“f~(0,0) = (— 1)'¥D%“’£(0,0) so
cr= Y a;;D%(0,0),

i+jst
which gives the desired result.

Under the hypotheses of this theorem, we see that T'(f) is given by a
finite linear combination of derivatives of Fourier transforms of f evalu-
ated at the origin. Our task in the remainder of this paper is to show that
these functionals form a finite-dimensional space and to find the best upper
bound for the dimension of this space.

3. A class of invariant functionals. In this section we shall investigate
the class of invariant functionals on an invariant subspace X, generated
by functionals of the form

Foo(f) = () ~®*0[0°+9f (x, ) /02P9Y )smp.ym0

~ [ wvtadsay,

where p and ¢ are non-negative integers, f € X and f denotes the Fourier
transform of f. The main result of this section is to obtain a necessary and
sufficient condition for a finite linear combination of functionals of the type
(11) to be translation-invariant on X.

From now on X will denote a fixed invariant subspace of L*(R?; I, R

(11)
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and C will denote the non-negative integers, the reals and the complex
numbers, respectively. For every pair (p,q) € I* we have the linear func-
tionals F,; on X defined by (11). In view of Theorem 2.3 we see that there
is nothing of interest in studying those X for which F;,#0 on X so we
shall assume that F,, = 0 on X. Furthermore, we may assume that F, 0
on X for some (p,q) € I>. Then we have integers m,n,k in I with the

properties that
(12) m+n=k>0, F,,#0 on X
F,‘,j =0 on X if (l,])€I2, l+]<k.

For (u,v) € R?, we define the translation operators T'(u,v) on the set
of functionals F,, by

(13) [T(u; U) Fp,q] (f) = Fp,q(fu,u)a

where f€ X and f,.(x,y) = f(x — u,y — v). Expanding the right side of
(13) and using (11) gives

T(u,v)Foo(f) = f_ : f_ : yf(x — u,y — v)dxdy

(14) -f_mﬁ:(x+u)"(y+v)"f(x,y)dxdy

©

Zp: Zq: (5) (Z) Foo(f)up=v'=".

a=0 b=0
We then have the basic

LEmMMA 3.1. The functional F,, is invariant on X if and only if F,, =0 on
X for every (a,b) EI*witha+b<p+q,a<p,b=q.

Proof. F, , is invariant on X if and only if for all (u,v) € R* and all fE€ X,
we have F, (f) = T(u,v)F,,(f). But from (14), this means that

Foulf) = 3 32 (0 (§) Bustrrur=eor= = 0

a=0 b=0

for all f€ X and all (u,v) € R%. Therefore F,, is invariant on X if and
only if F,;(f) = 0forallfE X and all (a¢,b) €I, a+b<p+qa=<p,b=gq.

COROLLARY 3.2. Let m and n be the integers defined in (12). Then the func-
tional F,, is invariant on X.

Let ¥ = %(X) denote the nonzero invariant functionals on X of the
type F, .. The next two lemmas will show that % has at most k + 1 elements.

LeEMMA 3.3. Let F,, and F,, be in %. Then p > r if and only if ¢ <s.
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Proof. We may assume that p + ¢ = r+s. Suppose p > r. If ¢ = s then
P+ q>r+ssoby Lemma 3.1, F,, =0, a contradiction; hence g < s. Con-
versely,if g<s, thens+p>q+p=r+ssop>r.

It follows from this lemma that p < r if and only if ¢ > s. It is this fact
which enables us to prove the next lemma on the cardinality of .%. Recall
that % is defined in (12).

LEMMA 3.4. There are at most k + 1 elements in 5.

Proof. We know F,,,E ¥ and if F,, € ¥, thenp + ¢ = k= m + n. Thus
if (p,q) # (m,n), then either p <m and ¢>n or p>m and g <n. Let

A;={F,; F,is invariant on X,s > n}, i=0,1,.--,m—1,
Bj={F,;: F,;is invariant on X,t>m}, j=0,1,---,n—1.

(By agreement, if m = 0 or n = 0, then the A/s or B/s are empty, respec-
tively.) By Lemma 3.3, every element of % distinct from F,, (ie., every
F,,€ & with (p,q) # (m,n)) must be in an A; or in a B;. From Lemma
3.1, for every fixed i and j, the sets %N A; and ¥ N B; can have at most
one element. Hence there are at most m +n+ 1=k + 1 elements in 7.

These two lemmas enable us to easily construct sets %. For example,
we let

X = le L#(Rz)iFo,o(f) = Fo,l(f) = Fl,o(f) = Fz,o(f) = 0}

and then k=2, ¥ = F(X) ={F,, Fi,, F35}. On the other hand, there is
no space X for which %#(X) = { F,,, F,, F2,}, for by the previous lemmas
F,, and F,; cannot both be nonzero and invariant. Finally, there are spaces
X for which %(X) has less than k& + 1 elements. For example, let

X={feL*(R):Fy;(f) =0 for all jE€ I}.

Then since the function g(x,y) defined by g(x,y) = sinxsiny if |x| <=,
|¥| =7/2 and zero elsewhere is in X and F,o(g) =0, we see that k=1,
F(X) = {Fio} and F(X) has less than k+ 1 elements.

For later use we formally state the next obvious corollary. (Here the
brackets denote the linear hull of a set of vectors, i.e., the space of finite
linear combinations of elements of the set.)

COROLLARY 3.5. Let % = #(X) ={Fi4i € F}. Then dim[ #]| <k + 1.

This completes our investigation of the set . We now want to prove
some generalizations of Lemma 3.1. This is necessary because we shall
work with invariant functionals which are finite linear combinations of
the F,’s. In what follows we assume that k is the unique integer defined
in (12).

Let ¢ be a positive integer, ¢t > k and let the functional F on X be de-
fined by
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t
(15) F=206F,, 6, C.
i=0

F is invariant on X if and only if, for all (u,v) € R?, T(u,v)F = F on X.
Since T'(u,v) is linear, we use (14) to conclude that if F is invariant on
X, then

(16) i oiZi) ‘Z_:‘ (;) (t - i) Fa,b(f)ui_avt_i_b= i(’iFi,:—i(f),

i=0  a=0b=0 b i=0

for all (u,v) € R? and all f € X. By definition of k, F,;(f) =0 ifa+ b <k.
Therefore in (16) we may assume that only those terms with 0 < (i — a)
+ (¢t — i — b) <t — k appear. The coefficient of u’v’ in (16) is

EEA i
i Fi-— —v—i ’
202 ) (o, L o) Bt

and since (16) holds for all (u,v) € R?, we see that this coefficient must
vanish. Since this is true for all f € X, we conclude

oy i t—1
17 > 05(. ) ( ) Fi_,i,-i=0on X,
14

i=A 1—A

for every pair (A\,») EI? 0 <A+ v <t — k. Conversely, if (16) holds for
every (A\,») EI%, 0 <A+ v <t— k, then it is easy to see that F is invariant
on X. Thus we have

LeEMMA 3.6. The functional F =) ' 8,F;,_;, t >k, 6;E C is invariant on
X if and only if for every pair (\,v) € I*> with 0 <X+ v <t — k, (17) holds.

Since we shall later be interested in functionals which are linear combina-
tions of functionals of the form (15), we shall obtain a necessary and suffi-
cient condition for the invariance of functionals of this type. We make the
convention that F;;=0 if i <0 or j <0.

Lett=t>t,>--- >t,>k be positive integers and let

i .
(18) Gi=26F,. ((#€0,1sj=p.
i=0
We define the functional F on X by
p
=1

We define the coefficients of F on level s, 0 <s <t, to be those # with
i +j=s. We then have the following lemma.
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LEMMA 3.7. The functional F defined by (18) and (19) is invariant on X
if and only if for every (\,») EI* with 0 <A+ v <t— k we have

p YT g t—1
20 0= 0{(, )( i ,)F,._ & (on X).
0 Fz‘ilg =M \j—v—i) M (on X)
The proof is straightforward and we omit the details.

Now we can write any functional of the form (19) as

t
(21) F=36F, +F,_,

i=0
where F,_;=37%_,G,, 0,=06, 0<i <t We then make the following def-
inition.

DEFINITION 3.8. Let F be a functional defined by (21). If F has a non-
zero coefficient on level ¢, we say that (16) is a representation of F of order
t, and we call F — F,_; the principal part of this representation.

We then have the following corollary to Lemma 3.7.

CoRrOLLARY 3.9. Let F be an invariant functional on X having a repre-
sentation of ordert > kgiven by (21). Then the coefficientof U’ (0 < A+ v < t — k)
in the equation F(f,,) = F(f) is

t—» N t_ y
(22) 0= Zaz(;) ( l)Fi-A,z—.—i‘F Ft—(x+»)-1} + k
i=\ 14

where F,_,,, _1 is a functional with a representation of order at most t — (\ + »)

—1land ke[ %]

The proof of this corollary follows at once from (20). If we put A + »
=t—k in (22) we get

CoROLLARY 3.10. Let F be an invariant functional on X having a repre-
sentation of order t > k given by (21). Then

S NV L T
0= 0\, F;,_; X
(23) o) (D0 D)) Fu n X0
forall \, 0 S x<t—EF.

DEFINITION 3.11. .7 is the space of all functionals on X of the form
> a;F;; (@;;€ 0,
i+jst

which are also invariant on X.
Note that the functionals in Theorem 2.5 are contained in 7. As a first
application of Corollary 3.10 we shall prove the following theorem.
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THEOREM 3.12. Let k = min{i+ j: F;j=0 on X} and let
% = {Fi,k—i¢0 on X}.
If % contains k+ 1 linearly independent elements, then 9 = [ % ].

Proof. We shall show that any invariant functional of the form (21) with
t > k, must be in [ _% ]. To do this it suffices to show §;=0, 0 <i <t But
from (22) and the hypothesis, we have 6, =6,,;, = --- =0,,,=0,0< A=t
— k.Hence p=0,=---=6,=0.

Thus in the case where _% contains k + 1 linearly independent elements,
we see dim .7 = k + 1. In the next section we shall show that it is always
true that dim 7 <k+ 1.

4. The finite-dimensionality of 7.

THEOREM 4.1. Let X be an invariant subspace of L*(R? and let 7
={F=),;<0.;F;;:F is invariant on X}. Then dim 7 <k+ 1, where
=min{i +j: F;;#0on X}.

Before giving the proof we shall give a few examples in order to show
some of the things that are possible.

A. Let X,={fEL*(R%:F,o(f) =0}. Then we have seen in §1 that
F,, and F,, are linearly independent on X; hence according to Theorem
3.12, 9 = [Fy,,Fio) and dim 7 =2 =k + 1.

B. Let X,={f€ X;: Fo.(f) = Fio(f)}. The functional G = Fyo— 2Fy,
+ Fy, is invariant on X. The functions g(x,y) = xsinxsiny + ysinysinzx,
|x|,|y| <=, g(x,y) = 0 elsewhere, h(x,y) = sinxsiny, |x|, |y| <=, h(x,y)
= 0 elsewhere, are in X, and show that F;, and G are linearly independent in
X,. It follows from the theorem that 7 = [F,(,G]and dim 9 =2 =k + 1.

C. Let «#0 and let X;={fE X,: G(f) = aF1o(f)}. Then the func-
tional H = F3y — 3F;, + 8F,2 — Fo3+ rFy0+ sFy; + tF,; is invariant on X
if r,s and t satisfy 2r+s=a, 2t +s= — a.

D. Let X ={fE€ L*(R): Fo,(f) =0 for all ¢=0}. Here k=1 and it is
easy to see using Corollary 3.10, that dim ¥ =1<k+ 1.

Proof of Theorem 4.1. The proof of the theorem is rather long and we have
to break it up into two cases: the case where % is an independent set and
the case where % is a dependent set.

Thus, let us first suppose that % is an independent set. Let

m=min{i: Fi, ;€ % |, n=min{k —i:F;; ;€ %}
and let
‘%/ = {le,k—mly sz,k—mgy Tty Fms,k—ms’

where m=m, <my;< ... <my=k —n. Let t>k and let F be an invari-
ant functional on X having a representation of order ¢; i.e., F is given by
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(21) where not all ;= 0, 0 <i <t. From Corollary 3.10, we see that (23)
holds, for all A, 0 <A <t— k. Now if Fj, ;& ¥, then F;;_j= 0. There-
fore, we get

A t—x—m;
(@4 0= Zom.( M ") Fusw ©5AsE-B),
(1 t— A — k (} 1
and by the independence of %, we have
(25) brim=0, 1<i<s OSAsSt—k

Welet J={jE€l:mj;,—1<m;+2,1<j<s—1}, and we have the fol-
lowing lemma.

LEmMMA 1. We can write F as

-1 mj+1-1

(26) F ZolFltl-I-Z Z 0tht+ Z 01 it— |+Ftl

i=0 JEJ i= =mj+2 i=t—n+1
Proof. We have

s—1 Mj+1-1

(27) F 20F111+Z Z 0F;tt+20Fn 1+Ft1

j=1 i=mj i=mg

Since t — k= 1, we have Om; = Om;41 =0 for 15j<s—1;sofor1<j<s

mjy1-1 mjy1-1
2 6Fi,i= ) 6F,;
i=mj i=mj+2

and hence in (27) we may omit all j for which m;+ 2> m;,, — 1 so that

s—1 Mjt+1-1 mjy—1
(28) Z > 6F, ;=Y > 6F,.

j=1 i=m; JEJ i=m;j+2
Also if we let i = s in (25) and note that m, — k = — n, we get

t t
2 0Fi= Y 6Fi, .
i=mg i=t—n+1
This equation along with (27) and (28) yield (26).
It follows that the number of nonzero 6;s appearing in (26) is bounded
above independently of t. We state this more precisely as

LEmMA 2. If F is an invariant functional having a representation of order
t > k, then the number of nonzero coefficients in the principal part of F is at
most k + 1 — s where s = dim _%.

The next step in the proof is to show that if we have an invariant func-
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tional F having a representation of order ¢ > k and r is any integer such that
t>r> k, then we can find an invariant functional having a representation
of order r whose principal part is closely related to the principal part of F.

LEMMA 3. Let F be an invariant functional having a representation of order
t > k (which we may assume, by Lemma 1, is of the form (26)). Let r be any
integer with t >r > k.

(A) If 6, = 0 for some iy, 0 < iy <t — n, then there is a functional ® € [ ¥]
of the form

m—1 /¢ mjy1—-1 l
Q=Z( )0Ftr l+z Z ( ,)0iFi,r—i
i=0 \I" — JEJ i=mj+2 \I — i

(29)
roogt—i

+ X ( ) 0.F; i+ ® 1.
r—1i

i=r—n+1
(B) If9; = 0 for all i with 0 <i <t — n, then there is a functional ¥ €[ %]
of the form

rogidt—
(30) Y= < r)oi+t—rFi,r—-i+‘I’r—l-

i=r—n+1 t—r

Proof. We shall first prove (A). In the invariance equation for F we look
at the coefficient of v'~". By Corollary 3.9, it is

0= Z( l) 0.F;,_i+ & -1} + ko,
i=0

where ko€ [ %#]. Weput #=1{ |}; then # €[ %] and & has a representa-
tion of order r. Applying Lemma 1 gives us the desired form for ®. The
proof of (B) is similar; we use Corollary 3.9 to find the coefficient of u’~" in
the invariance equation for F.

Let t and r be integers, t = r > k and suppose that F and G are invariant
functionals having representations of orders ¢ and r, respectively. Then we
have

mjy1— -1
(31) F Zol l'—l+z Z 0Fttx+ Z 0F¢t|+Ft 1y
JEJ i=mj+2 i=t—n+1
mjt1-1
(32) G E ¢| ir—i + Z Z ¢z ir—i + Z ¢1 ir—i + G —1s
i=0 JjEJ z—m,+2 i=r—n+1

and we see that there is a one-one correspondence between the indices
appearing in the principal parts of F and G given by
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il if0<is<m-1 or mj+25is<mj,—1, JEJ,
t—n+xer—n+x ifl1<x=n.

Then using Lemma 3, we see that if F is an invariant functional having a
representation of order ¢ > k of the form (26) where 6, > 0,and if t>r > k
then there is an invariant functional G = ) }_¢¢,F;,_; + G._, having a repre-
sentation of order r where ¢i, = 0. We use this fact to prove

LEMMA 4. Let t and r be integers with t = r > k and let F and G be invari-
ant functionals having representations of orders t and r given by (31) and (32),
respectively. If iy is chosen so that 6, 0, 6; = 0 if i < iy then there exists an
invariant functional G of the form

m]+1 1
(33) G Z¢l in— I+Z Z ¢u tr—1+ Z ¢l ir— ;+ G—l’
JEJ x-m}+2 i=r—n+1

where 3; = ; if i < io, 3 = 0 and [ %#,G,F] = [ %, G, F].

Proof. If t =r we put G=G- (¢,~0/0,b)F. If t > r we have two cases to
consider, namely, 0 S iy St—nandt—n<i =t.If0 =i <t—n, we ap-
ply Lemma 3A to obtain

1

& €[ %] with [""’C: ll‘;) ]_ #0.

- t—ip\ 7"
G=G_¢i°[0i°(r—io)]

and G has the required properties. If t —n <i,<t, we use Lemma 3B
and a similar argument gives us the desired result.

We shall now select a set of invariant functionals which we shall show
forms a basis for .7 having at most k + 1 elements.

Let z be the maximal number of nonzero coefficients appearing in the
principal part of any invariant functional having a representation of order
t> k. From Lemma 2, 2 < k+ 1 — s where s = dim %". Let

Then we put

I,= {n € I:7 invariant F with a representation of order n and F &[]}

If I, is void then 7 C [ %] and we are done. If I, is nonvoid, we let p,
=minl, and let H, be invariant on X, H, having a representation of
order p, and Ho& [ %]. Inductively, choose H,E 7 so that

Haé[.%/;Hb"'x a—l]

and so that H, has a representation of minimum order, this order being p.,.
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If dim 9 <k + 1, we are done; otherwise H, and p, are defined for 0 < «
<z-—1. From Lemma 1, for 0 <a <z — 1, we have

mj+1-1
(34) H Z aaFtp —i + Z Z a‘l'Flpa—l + Z a‘:Fi,pa—i + Hpn—l
JEJ i=mj+2 i=p,—n+1

Notethat k < py <p, < --- < p,_;. Now suppose H, is invariant on X and
H, has a representation of order p,, We shall show that the assumption
H,&[%,H,,---,H, ] leads to a contradiction. If H,& [ ¥, Hy, - --, H,_1],
then ) & g DPz-1.

Let {ielimj+2=<ismj,—1,jEJ}={i1<i;<---<i,}, and con-
sider the array of z columns and z+ 1 rows:

~ ~0,.0 0 0.0 0 0 0 0
agal -+ Gy G0 -+ @) Gpy 1Oy _pio " Opy ]

1,1 1 1,1 1 1 1 1
Q381 -+ Gy Qi@ -+ Qi Gpyny1Gpy—ni2 - Opy

2 2 2z Z 2 z 2 z 2z
| agai---an_, aiai,--- aip a5, nt1Qp,—nt2 " Qp,

made up of the coefficients of the principal parts of the functionals H,,
0 < a < z. By changing the notation, we give the array the simpler form

EL R L LI i

111 1 1
bOb bm+p 1 bm+p cUz-1

(*)

- bébi c bfn+p—1 bia+p te b:—l -

We shall refer to this array as a representation of the functionals H,,
0ac=s2z

LeMMA 5. There exist invariant functionals Ag, A,, ---, A, having a repre-
sentation [cl], i=0,1,...,2—1; j=0,1,.-.,2, and which satisfy

(@ c!=0,---,05i=s2-1,

(i) [#, A0 Ay, -+, Apl=[#, Ho,Hy, -+, Hy], 0S8 = 2.

Proof. By induction. Since H, has a representation of order p,, not all
bi=0,0<i<z—1 in (*). We define the integer ¢ by b, =0, b=0 if
e<candweput Bl =H, ci=b;,0=<i<z— 1 If b =0 forsomer 0<r
<z, then we apply Lemma 4 to the functionals B0 . and H, to obtain H,
having coefficients b, bl. ...,bi_, on level p, with b’ =0and [ %, H, B
= [%,H,, BY]. Now if B=0foral 0si<z—1 and r=0, then we are
done (put A;=H;, 0<i<z—1 and A,= B)); if r>0, then from the
construction in Lemma 4 we obtain a contradiction. Therefore we may
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assume that not all =0, 0 <i<z— 1, and we put B’ = H,. Hence by
this method we may assume that we have functionals BY{, 0 < i < z, where
B has a representation of order p; and where the principal part of B?,O <i
<z — 1, with respect to this representation has coefficients bf, b, ---,b._;
and which satisfy

(i)o cfo7é0, Cf= 0 if ¢ < ¢,

(i) b;=0 if 0sr=<z-1,

(i) [S#,BS, B, -+, B)]l=[#,Ho,Hy,---,Hy], 0B <2
Now suppose that we have invariant functionals B§, Bf, ---, B} (¢ <z — 2),
having representations of orders po,p;,---,D. respectively, with the co-
efficients of the principal part of Bf with respect to this representation being

i i i .
bOy 1, °° V-1 0§l<2—q,
Cb,cll,'-°,C;_1, Z—Q§l§2,

and suppose we have integers ¢,e¢;, ---,¢, such that the following condi-
tions hold:

(@) ¢ *#0,ci7°=0 ife<e,(0=ac=yq),
(ii); ¢, =0 ifz—qg=sr<z-—a,

(i), b, =0 if0sr<z—g,

[-%/’BS’B‘{"”’BH=[%’HO’Hla"':Hﬂ]’ O§B§Z

We shall show how to obtain functionals B§*!, B{*’, ..., Bi*!, and ¢, satis-
fying ()gs1, (i)gsr and (iii)gs:.

Since B{_,_; has a representation of order p,_,_;, not all b9 1=0,0=<1i
<z — 1. Let ¢, be defined by b %" # 0, b;*"' = 0 if ¢ < ¢4, and put Bf*'
=Bf, z—q—1=<i<z ¢ '=b""" 0si<z—1. Then (i), and
(iii)44, are satisfied. We shall show how to satisfy (ii)g.,. If b =0
for some 0<l<z—g—1, then we apply Lemma 4 to the functlonals
Bi, Bi*;_, to obtain a functional BY having coefﬁc1ents bo,b <eo,bi_; on
level p; with b =0, and [ 7, Bi,BitL )= [ %, B! Bitl,). Moreover, as
before we may assume that not all =0, 0 <i <z— 1. Now if b’lo #0
with iy < ¢+ 1 (i.e., if by our application of Lemma 4 we have messed up
a place that was fixed up previously), then it must be that ¢, > ¢,1. We
apply Lemma 4 again to the functionals B" and B{*} to obtain a functional
B¢ havmg coefficients b,, 0 <i<2z-—1 on level p, where bf = b‘ =0 and
%, B,’",B"*,‘o] — [, B, Bi*}]. Moreover, we may again assume that not
all /=0, 0<i<2z-— 1. Here again we can only mess up a b” with ¢;

> ¢, so that by repeated application of this method we ﬁnally satisfy
(ii) 4+, and since our applications of Lemma 4 do not effect (i), or (iii),,
we see that by induction (i),_,, (ii),_; and (ii}),_, hold. We put ¢/ = b},
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0<is<z—1,and A;=B{!, 0<i <z and we see that the proof of the
lemma is complete.

We are now ready to obtain the desired contradiction. From (i) in Lemma
5, A, has a representation of order less than p, so by definition of p,, Ao
€ [%#]. From (iii) of Lemma 5, with 3 =0, we have [ %, Ho] = [, A]
= [#] so that Hy€E [ #], a contradiction. Thus the theorem is proved
in the case where % is an independent set.

We shall now consider the case where % is a dependent set. The main
idea is to obtain for any F & 7 of order ¢t > k, a representation analogous
to (24). Once this has been done, the proof follows just as in the previous case.

Thus, let % be a dependent set and let m and n be defined as before.
We choose a maximal independent subset

.%/I= {le,k—rnl:sz,k—mza “'rFms,k—ms} (m Em<mp< - <mg= k— n)
of % having largest possible second indices. We shall suppose that m < m;;

the case where m = m, is treated similarly. Then we can write % as

-%‘:{Fl l’Fl l)""Fl l:le,h—mp”'9
mo,k—mgy k

my.k—my LR

F F, ,--F

S 8 S 8 8
mypk—my mg,k—my myok—my

’ Fms,k—ms } ’

where m=mi<mj<...<m; <m<..-.<mi<mp<...<m;<m=k
— n. We have chosen %, so that the following relations hold for some
) = -

o e

(35) Fu sy=2alFppn (15jsnlshss).
mj,k—mj i=h
Now suppose ¢t > k and
t
F= ZaiFi,t—i + F,_,
i=0

is an invariant functional on X of order ¢ > k. Our aim is to prove a result
like Lemma 1. The first step in this direction is the following lemma.

LEMMA 6. Let i be an integer such that 1 <i <s. Then for 0 <X <t —k,
we have

m;—1

t—j .
(36) G = 3 ( ) P
A+m; j=m{ A + m‘ ‘_J J ]

where ¢ is independent of t.
Proof. From Corollary 3.10,
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k AN\ /t—=A—]

37) 0=Za,~+,\( +’)< ,’) Fu, OsAst—k,
j=0 A k—j

where, as before the sum is taken over those j for which Fj, ;& ¥. If we
use (35) in (37) and use the independence of % |, we have, for 1 <i <s,

mil A+h\ st—x—h\ . A4+m\ /t—\N—my
38 0= f )
(38) E%%M(A )(k—h)ﬂﬁw””< A)( hﬂm)
for 0 <\ <t— k, where we define

Bi=aP? ifh=mhl=<qsr,l1<p=si,
=0, otherwise.
We shall show that (38) implies (36). We define
t—X—h\ /A+h\ sk—h\! (m)\!
Py [0 T
m;,— h A m;—h/ (\+m)!

then we can write (38) as

mj—1
(40) Urimy = Zlathﬁﬂ;}, O<A=t—kl1l=iss.

h=mjy

We perform an induction on A\. For A =0,

mlo o M stk k—h\"
- Eoan B (- ()]
Gm; h_Zmia,. 4Bh ’En{a;. mi— h mi— h Bh

and if we put
i k—h\'.
0,)) _ __ i
c;l (mi _ h) ﬁhr

we see that (36) holds for A = 0. Now suppose (36) holds for all integers
M ASv—1<t— k; we shall show (36) holds for A = ». From (40) we have

m;—1

(41) ar+m,' = Zlav+hzl):ﬁ;;‘

h=mj

Also, by our induction hypothesis,

mi—1 :

t— .

(42) a,= Zl (h J,) ch-midg,, m=<hs<m;+v—1.
—1J

Jj=m

We consider the case where m; < m! + » and leave for the reader the case
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where m; — 1 = m! + ». In the former case, (42) holds for all A with mi +»
sh=mi+v—1so

mi+v—1

ar+mi= Z ahzh—vﬁ;.l—r
h=v+m)
(43)
m;—1 mi+v—1 t—] o
- T, () stk
j=m{ h=v+m% —J
Now

t—j t—J .
Zy_, = . d ’h; ’
(h—j) * <u+m.'—1) b0}
where d(v,h,j) is independent of ¢t. Then putting this back into (43) gives
(36) for A = v if we let

mi+v—1

¢f? =2 db,hjcf ™8

h=v+my

Therefore the proof of the lemma is complete by induction.
Now we still must refine (36) further. To this end, let

H={jElmj—12m;;+1, 1sj<s}.
Note that if j¢e H and 1 <j <s, then m;_;+ 1 =m; We define moy+ 1
=m} (= m) and then 1€ H.
LEMMA 7. Let i be an integer such that 1 <i <s. Then
mp—1 ¢

(44)  Gpm= 2 [ > ( —/ .)d}*"’aj] O=xst—kh),
heHizhz1 L j=mp_1+1 \A+m; — ]

where d” is independent of t.
Proof. By induction on i. The case i = 1 follows at once from (36). Now

suppose that (44) holds for all integers ¢ with i < p — 1 <s; we shall show
that (26) holds for i = p. From (36), we can write

mp—1 t .
-J ) (\.p) ]

a = . C Q;
e hEH;nghgl [j=mhz_:1+l ()\ +m,—y T

(45)
L t—m;_,
+Z( )c("jp)a_ .
i—2 \A + m,—m;_, mi_1 m_1
Now for any ¢ with 2 < i < p, we use our induction hypothesis with A = 0
in (45) to obtain
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mp—1 t _j
Ooimy = 2 [ 2 ( . ) ¢/ aj]
heHpzhz1 L j=my_1+1 \A +m, — j

(46) > ! t—j
+ ( )éwa], 0S\NSt—k,
igz [ heH;i-zlghgl j=mhz_1+l At+m,— W
where

P <)‘ +mp,—)J ) cWP) JOi=1)
i-1 = . m;_1%J)
mi_,—J

is independent of ¢. Now if p = 2, then (46) yields (44). Suppose p > 2.
Then we let

mp—1 t— i
] .
“n - Bia= [ < ) f,‘*_"’,’-a], 2<ix<p,
' heH;i—Zlghgl jam,,z_:1+1 A+m,—j LS

and we can show that

mp—1 t—j —
B, 4+ B.— [ < ) (o) ] ,
' heHEhgl j=m;,z_1+l At+mp,— o

where f” is independent of ¢. It follows that we can write (46) as

mp—1 t .
—=1J
m= 5 [ T ) ;]
h€Hipzhz1 L j=mp_j+1 \A+m, — ]

(48)
mp—1 t— ]

+ )émm} 0<A=<t—k,

hGH;pZIghgl [j=m,,_1+1 ()\ + mp —]
where g™ is independent of ¢, and this implies (44) for i = p. Therefore
the proof of the lemma is complete by induction.

Now we may write (48), for 1 <i <s, as

™l t—j b

49)  apim = ( )d“m Osast—k
e h§H j=mhz_1+l A+mi—1/ 7

where if i <h<s, h€ H, then d* = 0. We shall use (49) in our ex-

pression for F. We let

m—1 t
M=} aF,;, N= 3 aF,,
j=0 j=t—n+1

(50)
t—n
P= ) aF;,;, Q=F—-(M+N+P+F,_),

j=mg
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and first consider Q. If 2 < h <s, and h ¢ H, then m;_, + 1 = m, so we can
write @ as

mp—1

Q = Z z afFJ'J-i + Z:za"‘i—lF’"i—l"""i—l'

hEH j=mp_1+1
If we use (49) with A = 0 in the second sum we get

mp—1

s t—] e
(51) Q= Z Z aij,t—i+§< ) d(o I)Fm —pt-mi_q°

hEH j=mp_1+1 m;_,—1J]

We next consider P. We make the change of variable A +k — n =j and
use (49) with i =s to get

t—k

P = Za)‘+mst+ms,t—)\—ms
A=0

t—k mp—1 t—j
= Z [ Z Z < ) d(“)aj] F\imyt-r-my

r=0 L A€H jemp_1+1 \A+m;— ]

(52)

We then get the following expression for F:

mp—1

m-— s t
P-Tohu+ L, T o B+l (m. 1—,) R

h€H j=mp_1+1 i=2

d(x,s)F e —m]

t—k
+2
(53) A=0

t
+ Z aij,t—j+ F,._.
j=t—h+1
Thus we have shown that any invariant functional F having a representa-
tion of order ¢t > k can be put in the form (53). This is the analogue of (26)
in the case where _% is a dependent set. We see from (53), that the number
of nonzero coefficients appearing in the principal part of F is again at most
k 4+ 1 — s where s is the dimension of _%. The rest of the proof of the the-
orem proceeds exactly as in the case where _% is an independent set.
CONJECTURE. If X is an invariant subspace of L*(R") where N = 1 and if
= {F = ) @..igFi...iy:F is invariant on X} ,
i+

o FiNst
then
E+N-1
dim 7 < < + )
N-1
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(Here F; ..., is defined in a manner analogous to (11), and k is defined
in a manner analogous to (12).)
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